Let G be an LCA group, H a closed subgroup, Γ the dual group of G and µ be a regular finite non-negative Borel measure on Γ . We give some necessary and sufficient conditions for the density of the set of trigonometric polynomials on Γ with frequencies from H in the space L α (µ), α ∈ (0, ∞).
Introduction
Let G be an LCA group, i. e. a locally compact abelian group with Hausdorff topology, whose group operation is written additively. Denote by Γ the dual group of G and by γ, x the value of γ ∈ Γ at x ∈ G. Let H be a closed subgroup of G and Λ := {γ ∈ Γ : γ, y = 1 for all y ∈ H} its annihilator. Recall that Λ is a closed subgroup of Γ and that the factor group Γ/Λ is (algebraically and topologically) isomorphic to the dual group of H, cf. [7] .
A trigonometric H-polynomial is a function p : Γ → C, which is a finite sum of the form p(·) = a k ·, y k , where a k ∈ C, y k ∈ H. Denote by P(H) the linear space of all trigonometric H-polynomials.
If µ is a regular finite Borel measure on Γ and α ∈ (0, ∞), let L α (µ) be the metric space of (µ-equivalence classes of) Borel measurable C-valued functions on Γ , which are α-integrable with respect to µ. For α ∈ (1, 2] , the space L α (µ) can be interpreted as the spectral domain of a harmonizable symmetric α-stable process, particularly, L 2 (µ) is the spectral domain of a certain stationary Gaussian process. From the prediction theory of such processes it arises the problem to describe those measures, for which P(H) is dense in L α (µ). The paper [9] is an special case when G = Z and prompts a result of the following form.
We say that a measure µ is concentrated on a transversal if there exists a Borel subset D of Γ such that µ(Γ \ D) = 0 and D ∩ (λ + D) = ∅ for all λ ∈ Λ \ {0}. Then P(H) is dense in L α (µ) for all α ∈ (0, ∞) if and only if µ is concentrated on a transversal. The main goal of the present paper is to show that under several additional assumptions on Γ or Λ or µ the condition that µ is concentrated on a transversal is, indeed, a necessary or sufficient condition for the density of P(H).
Moreover, this description is equivalent to the problem of sampling and reconstructing a harmonizable symmetric α-stable process. The first result in this direction was given by Lloyd [12] for wide sense stationary processes on G = R generalizing the Whittaker-Kotel'nikov-Shannon (WKS) sampling theorem for L 2 (R) band limited functions. If G is an LCA group, the WKS theorem was proved by Kluvánek [10] for L 2 (G) and by Lee [11] for rather general processes of finite variance. In the context of Hilbert spaces, other advances about sampling in L 2 (G) can be found in e.g. [5] and for continuous groups of operators in e.g. [4] .
Section 2 contains definitions and basic facts from measure theory on topological spaces. Particularly, we prove some results on regular measures. Although they are simple, it seems that they are not often stated explicitly in the literature. We also recall some properties of transition probabilities, which are applied in Section 4.
The main result of Section 3 is the following. The space P(H) is dense in L α (µ) for all regular finite non-negative Borel measures µ, which are concentrated on a transversal, and all α ∈ (0, ∞) if the annihilator group Λ is metrizable. We mention that Λ is metrizable if and only if the factor group G/H is σ-compact, cf. [13, Theorem 29] , and that according to a fundamental structure theorem of LCA groups any compactly generated group is σ-compact, cf. [7, (9.8) ]. Section 4 is devoted to the assertions that in case of a Polish space Γ or a countable set Λ the measure µ is concentrated on a transversal if P(H) is dense in L α (µ) for some α ∈ (0, ∞). If Γ is a Polish space, the proof heavily leans on properties of transition probabilities. If Λ is countable, the corresponding proof for the circle group, cf. [9, Theorem 3.4] , can be adapted straightforwardly.
Some preliminaries from Borel measures on topological spaces
We recall some definitions and facts from measure theory on topological spaces since a few of the notions are used in different ways in the literature. Let X be a topological Hausdorff space and B(X) the Borel σ-algebra of X, i. e. B(X) is the σ-algebra generated by the open subsets of X. If S is a subspace of X, then B(X) ∩ S = B(S), cf. [14, 13.5] . Particularly, if S ∈ B(X), then B(X) ∩ S := {B ∈ B(X) : B ⊆ S}. The symbol 1 S stands for the indicator function of the set S.
A finite non-negative Borel measure on B(X) is called regular if for all B ∈ B(X) and all ε > 0, there exist a compact set C and an open set U such that C ⊆ B ⊆ U and µ(U \ C) < ε, cf. [2, p. 206] . It is called discrete if µ(X \ S) = 0 for some countable subset S. Obviously, any discrete measure is regular. A C-valued measure ν on B(X) is called regular if its variation, which is denoted by |ν|, is regular. If Y is a topological Hausdorff space and π : X → Y is a (B(X), B(Y ))-measurable map from X to Y , we denote by νπ −1 the image measure of ν under π.
Lemma 2.1. Let X and Y be topological Hausdorff spaces, µ and ν be a finite non-negative and a C-valued, respectively, measure on B(X) and π : X → Y a continuous map. The following assertions are true.
(i) If S ∈ B(X) and µ is regular, then the restriction of µ to B(S) is regular.
(ii) If µ is regular, then µπ −1 is regular.
(iii) If ν is absolutely continuous with respect to µ and µ is regular, then ν is regular.
(iv) If ν is regular, then νπ −1 is regular. The setC c is open since Y was assumed to be a Hausdorff space. We obtain π(C) ⊆B ⊆C c and
The result is an immediate consequence of the fact that if ν is absolutely continuous with respect to µ, then for ε > 0, there exists δ > 0 such that for
, the regularity of µ k yields the existence of a compact set C k and an open set
Let X and Y be Polish spaces, i. e. separable topological spaces that can be metrized by means of a complete metric. Note that any finite non-negative measure on B(X) is regular, cf. [2, Proposition 8.1.10]. In what follows any regular finite non-negative Borel measure will be simply called a measure.
We need some facts on transition probabilities. A general theory of conditional probabilities and transition probabilities is given in [15] . Since we need only special cases here, we refer to the excellent introduction [14] . 
is defined and from Theorem 2.3 (ii) we can easily obtain the following result. 
Proof. Since X is a separable space, its Borel σ-algebra is countably generated. Therefore, there exists a countable set S :
According to Theorem 2.5 (ii), for all k ∈ N, the sequence (g n,k ) n∈N tends to zero in L 1 (µπ −1 ). Proceeding to a suitable subsequence if necessary, we can assume that for k ∈ N, there existsB k ∈ B(Y ) such thatB k ⊆ Y \B 0 , µπ −1 (B k ) = 0. and lim n→∞ g n,k (y) = 0 for all y ∈B k . Obviously, the set B = ∞ k=0B k has all properties claimed.
Conditions under which P(H) is dense if µ is concentrated on a transversal
Let G be an LCA group, H its closed subgroup, Γ the dual group of G, Λ the annihilator of H, π the canonical homeomorphism from Γ onto Γ/Λ, and denote π(γ) =:γ, γ ∈ Γ .
Lemma 3.1. Let ν be a C-valued measure on B(Γ ). Assume that |ν|π −1 is discrete. If |ν| is concentrated on a transversal and Γ γ, y ν(dγ) = 0 for all y ∈ H, then ν is the zero measure.
Proof. The elements of the dual group of Γ/Λ are precisely all functions χ y : Γ/Λ → C, y ∈ H, of the form χ y (γ) = γ, y ,γ ∈ Γ/Λ, where γ can be chosen arbitrarily from π −1 ({γ}). By the integral transformation formula
for all y ∈ H, and from the uniqueness theorem of the Fourier transform, cf.
[6, (31.5)], it follows that νπ −1 is the zero measure. It is not hard to see that if |ν|π −1 is discrete and |ν| is concentrated on a transversal, then there exists a finite or countably infinite subset B := {γ k : k ∈ K} of Γ , which meets each Λ-coset at most once and such that |ν|(Γ \ B) = 0 and |ν|({γ k }) > 0, k ∈ K. Let h be the Radon-Nikodym derivative of ν with respect to |ν|. We can assume that h = 0 on Γ \ B and define a functionf :
Obviously,f is a (B(Γ/Λ), B(C))-measurable function and
by the integral transformation formula.
Theorem 3.2. Let µ be a measure on B(Γ ) and α ∈ (0, ∞). Assume that µπ −1 is discrete. If µ is concentrated on a transversal, then P(H) is dense in L α (µ).
for all y ∈ H, then by Lemma 3.1 the C-valued measure f dµ is the zero measure, which implies that P(H) is dense in L α (µ). Since µ is finite, it follows easily that for α ∈ (0, 1), the space P(H) is dense in L α (µ) as well.
The preceding proof shows that if the assumption of discreteness of νπ −1 could be dropped, one could establish Theorem 3.2 for all measures µ on B(Γ ). In fact, a similar result to that of Lemma 3.1 was formulated by Lee [11, Lemma 2] without assuming that |ν|π −1 is discrete. However, his proof seems to contain a gap since he did not prove the Borel measurability of a function which corresponds to the functionf of our proof of Lemma 3.1. The remaining part of the present section is devoted to the proof of the assertion that if Λ is metrizable, then P(H) is dense in L α (µ) for all measures µ, which are concentrated on a transversal, and all α ∈ (0, ∞). To obtain such a result we apply a theorem of Feldman and Greenleaf on the existence of a Borel transversal and a Borel measurable cross-section, cf. [3] .
A subset T of Γ is called a transversal (with respect to Λ) if it meets each Λ-coset just once. A map τ : Γ/Λ → T is called a cross-section if π • τ is the identical map on Γ/Λ. We mention that Kluvánek's sampling theorem and related results, cf. [1, 10] , clarify the relationship between transversals and sampling theorems. Proof. Let T be a transversal. Then for γ ∈ Γ , there exists t ∈ T such that t ∈ γ + Λ, hence, γ ∈ λ + T for some λ ∈ Λ, which yields Γ = π −1 (π(T )). If γ ∈ T ∩ (λ + T ) for some γ ∈ Γ and λ ∈ Λ, then γ = λ + t for some t ∈ T , hence, γ ∈ t + Λ. Since t ∈ t + Λ, it follows γ = t and λ = 0. Let T be a subset of Γ , which is not a transversal. Then there exists γ ∈ Γ such that (γ + Λ) ∩ T = ∅ or there exist t 1 , t 2 ∈ T , t 1 = t 2 , with t 1 , t 2 ∈ γ + Λ. In the first case
for all λ ∈ Λ, which yields π −1 (π(T )) = Γ . In the second case there exist
Lemma 3.4. If R is a transversal and S is a subset of Γ such that S ∩ (λ + S) = ∅ for all λ ∈ Λ \ {0}, then the set T := S ∪ [R ∩ (Γ \ π −1 (π(S)))] is a transversal.
Proof. If γ ∈ λ + S for some λ ∈ Λ, then, of course, γ ∈ λ + T . If γ / ∈ λ + S for all λ ∈ Λ, then γ ∈ Γ \ π −1 (π(S)) = λ + [Γ \ π −1 (π(S))] for all λ ∈ Λ. Since R is a transversal, γ ∈ λ + R for some λ ∈ Λ, hence γ ∈ λ + T , which implies Γ = π −1 (π(T )). If we have λ + t 1 = t 2 for some λ ∈ Λ, t 1 , t 2 ∈ T , then either t 1 , t 2 ∈ S or t 1 , t 2 ∈ [R ∩ (Γ \ π −1 (π(S)))]. In both cases λ = 0 by properties of S or the transversal R, respectively. Thus, T is a transversal by Lemma 3.3. Proof. By regularity of µ there exists a sequence (C k ) k∈N of compact subsets of B such that lim k→∞ µ(C k ) = µ(B). The set A := ∞ k=1 C k belongs to B(Γ ), A ⊆ B, and µ(B \ A) = 0. Since π is continuous, π(C k ) is compact, hence, π −1 (π(A)) ∈ B(Γ ). As a consequence of the preceding lemma we obtain the following assertion, cf. the proof of Theorem 3.2.
Theorem 3.8. Let µ be a measure on B(Γ ) and α ∈ (0, ∞). Assume that the annihilator group Λ is metrizable. If µ is concentrated on a transversal, then P(H) is dense in L α (µ).
Conditions under which µ is concentrated on a transversal if P(H) is dense
To motivate our approach we again start with the case that µπ −1 is discrete. Proof. The "if-part" was stated in Theorem 3.2. To prove the converse let S := {γ k : k ∈ K} be a finite or countably infinite subset of Γ/Λ such that µπ −1 ((Γ/Λ) \S) = 0 and µπ −1 (γ k ) > 0, k ∈ K. Let µ k be the restriction of µ to B(π −1 ({γ k })), p k be the restriction of p ∈ P(H) to π −1 ({γ k }) =: B k , and let P k (H) be the linear space of all such restrictions, k ∈ K. Then
for all f ∈ L α (µ). It follows that if P(H) is dense in L α (µ), then for all k ∈ K the space P k (H) is dense in L α (µ k ). Since the functions of P k (H) are constants, the measure µ k has the form µ k = a k δ γ k for some a k ∈ (0, ∞),
The preceding proof is based on the fact that if µπ −1 is discrete, then the space L α (µ) can be written as a direct sum of certain L α -spaces over Λ-cosets. Assuming that Γ is a Polish space and applying the theory of transition probabilities, this idea can be generalized as follows. . Let (γ n ) n∈N be a Cauchy sequence with respect to the metricσ. Since σ is an invariant metric, one can construct a Cauchy sequence (γ n ) n∈N such that γ n ∈ π −1 {γ n } and σ(γ n , γ n+1 ) <σ(γ n ,γ n+1 ) + 1 2 n , n ∈ N.
Since the topology of Γ can be metrized by means of a complete metric, a theorem of Klee [8, (2.4) ] asserts that σ is complete. It follows lim n→∞ σ(γ 0 , γ n ) = 0 for some γ 0 ∈ Γ , hence, lim n→∞σ (γ 0 ,γ n ) = 0, which means thatσ is complete. Clearly, the image of a dense subset of Γ under the map π is dense in Γ/Λ. Thus, if Γ is separable, then Γ/Λ is separable. 
Proof. If there exists a function τ with the described properties, according to [14, 24.23 We conclude the present section by proving an analogous result if Γ is an arbitrary LCA group and Λ is countable. It is not difficult to show that V establishes an isometric isomorphism from L α (μ) into L α (µ), that V is the identity on P(H) and that V −1 f = fμ-a. e. for all elements f ∈ L α (µ), which belong to the range of V , cf. [9, Lemma 2.2]. Let h λ be a (B(Γ ), B([0, ∞))measurable Radon-Nikodym derivative ofμ λ with respect toμ. We can assume that h λ = 0 on Γ \ T and define T λ := {γ ∈ Γ : h λ (γ) = 0}, T λκ := T λ ∩ T κ , λ, κ ∈ Λ, λ = κ. Since P(H) is assumed to be dense in L α (µ), there existsf ∈ L α (μ) such that Vf = 1 λ+T λκ . From the definition of Vf it follows that forμ-a. a. γ ∈ T λκ one hasf (γ) = 1 λ+T λκ (λ+γ) = 1 as well asf (γ) = 1 κ+T λκ (κ+γ) = 0, which yieldsμ(T λκ ) = 0. Set T ′ λ = κ∈Λ\{λ} T λκ , If D∩(λ+D) = ∅ for some λ ∈ Λ, there exist λ j ∈ Λ, γ j ∈ T λ j \T ′ λ j , j ∈ {1, 2}, such that λ 1 + γ 1 = λ + λ 2 + γ 2 , hence, λ 1 + (T ∩ (λ + λ 2 − λ 1 + T )) = ∅. Since T is a transversal, we get λ 1 = λ + λ 2 and then γ 1 = γ 2 , which implies that λ = 0. Thus, µ is concentrated on a transversal.
